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[Following is the tremslation of an artlele by
%. WM. Molehanev entlitled Ogranichennost’ Varlstall
Nepreryvnykh Reshenly Sletemy Uravnenly Gldro-
dinamiki {Bounded Variations of Contlnuous Solu=-
tions for 2 System of Hydrodynamic Equations}

{n Doklady Aksdemii Nauk S8SR (Reports of the
hesdewy of Seiences USSR}, 1959, Vol. 129,

I

The system of hydrodynamic eguations hes the espect of

B, BU* ' . ‘ 1d

where, using lLagranglen ecoordlnsies
_ 5 . o R
e, #® e, sﬁﬁmﬁéﬂ%g ,

_ P7
U p, U s, U® o pus,

u ts the velocity, v the specific volume, p the pressurs,
E= 8 (5, v} the internal energy density, :

The purpose of this article 1s to prove the boundsd
character of variation in the solutlon of systen (1}, In
connaction herewith it ig assumed that (2) the inltial dsts

navs a limited variation, end (b) the solution iz contlnu-
ous in the range O te, ool EL o o0 e The

gecond sasumption, strietly speaking, 1s superfluous, but

t permits of performing the derivatlon by comparatively
gipples methods., Moreover, important features af the systenm
of hydrodynamic eguatlions, whilch appear distinetly, suggest
the idea of segregating from the hyperbolical systems of
equations of the type

€ 8
%;+wé§£w )

(where U 18 a funetion of varisbles w* } & speciel class
of hydrodynamiceiype eguations,

Thepe systems are dlstingulshed by the reguirement
that they contain a function playlng in certaln respscts bhe
role of entropy in hydrodynamics. 8lunce such & reguirsment
pertainsg to the squality type, "entropy" systems form &
rather small class within general hyperbolle systems. To
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&8ll thsee systems applles the groof of bonded variation
golution as submitted below. "Entropy® systems ocoupy &n
internediate position between linear systems, to whish
Gsaoehy's problem is applicable on the whols, and general
syctoms (3) for which, appavently, the normal case 1s
to convert the solutions into infinity even when : is
finite for any emooth initlal date equeling the consiant
outside the interval. ‘ .

1ot us indicate & wiay toward the proof. Derivetions
‘%ain in elarity if carried out in a general way for system [
%} with any number of equsiions, Our nsarest alm is to
write system (3) as en equivalent syastem of integral equae

tions, £ro ‘ ' ate | L |"lax |
s from which one oan svaluste | \ Fod% « It can be

aohleved by doubling the nmumber of unknowa functions by
introdusing into the analysis the funstions |® = du*/dx
together with|C #® .. A system of equations for |¢°; 1s ob-
tained by the differentistion of (3) with respeet te x, &nd
takes the foma: ‘ R o

U= @
For the purpose of obtaining integrel equations it is
convenient to replace aystenm .(1@) by a slmpler dlegonsl 8ys-
tem of other functions of i¢* whlch are linesr combinations
of |g® with soefficlents depending on .

A e e [P —

Punctions of '?ft are not ﬁatél dsrivatives of any of the
functions of |@% , 88 was the oase with " . However,
¢*dx = Bdu® 15 a llneapr combination of differentisls g% ,

end it 1e convenient to write this expression as is done

in thermodynemics, 88 3P =fdu* end talk of an exact
aifferentlal, keeping in mind, nsturally, that 1t 1s not

alwaye possible to find |¢e{e®), o, .~ gwy the differen-
tial of which would be egqual to  |fdwé . Let us deslgnate

the inverse matrix to [ by |mE so that |Baf=8 . After
simple operabilons we cbtalin : =R

et M o

TN rFe=Cay. O
where \ e W L
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The exiatence of matrix i, leading 103 to the dla=
gonal form A% naturally fellows from bthe hyperbolic nature
of eystem (). Mateix |m; simply conalsts of elgsnveclors
il ., while vectors composing [y form & system which le
blorthogonal in relation te these eigenvectors, But singe
sigen vectore are deiermined with an accuracy only up io the
multiplier, matrix ggﬁ- can be multiplled from the left by
any @laganal matrix without changing matrix A¥
- Mhis arbitrery assumption ean be used for meximum
simplification of the structure of tensor Cipy » Let us
tyy, for instence, to achleve equality to zerg of ihe pightm
hend term in one of the equations of system (6}, From (8}
1t appears thet, generally spesking, (when A .0 ) this

will take place when and only vwhen

e s asnica S

el e’

@

i.8,, only in the case when the exact differential

e == 1D due ig & totel dlfferential or, more exactly,
when the exact differential has an integrating factor. For
8 system of two equetions each exmct differential has an
integrating factor. In a system with a large numbser of equé=
tions, &8 & rule, none of the exaut differentlsls has an
integrating sctor, It 1g all the more remarkable that hydro-
dynemic equations are an exceptlion in this respect, The
presence in this system of one integration factor for one of
the sxsmot differentials is equivalent to the known thermos
dgynamie Identliiy I

| dS = L (dE + pdv). (10)

This chsarvetion justified the Ilntroduetion of the tem

Yantropy® For any exact differentlal being integrated..
Reverting to the general syatem (6], let us premark

rhat the solution of such a sgystem is already infinlis at
finite ty, even when t = 0 and glven any smooth initial

conditions., This 18 clesrly seen in the exsmple of the
r@ilowing model systen®

#aie syatem is a model in the sense that 1% is unclsar

wvhather 1t 18 possible to indicate a type (3) = of even
2 type (1) = system, from-which system (11) eould be

3 .
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%;g + aggi == glahpld), ‘3.;3;,‘.. = @), %, - é’éﬁ;“ e (1)

with initlal data §% (% 0) =g (x, 0) =g (x, 0) = a(x) npn =0,

where &(x) ls an even funstion of z, and is sgusl Lo unliy
on iine segment {0, 2), swmoolhly dsepressing to zers on line
segment (2, 3], and equal to zerc on half=-iine (3, o /.
It is not 4ifficult to verify that in the rectangle
- lelxgl, Ol the solution ls glven by Formula
P 1) =, ) = (5 ) = s (12).
The phenomencn i1llustrated by the example of sysbem
{1t) is &ubﬁﬁanﬁialig different from the phenomenon of
Haverturned front” ("gradient catastrophe”) in one eguation
or in 2 systen of two eguastlons. The difference conslsts
in the fact, that an increase in ¢ in one eguation causes
& narrowing of charscteristics which compensates for
inerense in % . This can be well observed in Egs (6).
IT % =0 , an lncrease in ¢ requires that gA/dx <0,
which means thet the characteristlies are narrowing., It is
not diffileult to mscertain that the narrowing is just such
s is required to assure that integral of absclute quantity
¢ is msintained. If, however, L{&«=0 ., it mey happen

that the terms Chee®¢® will cause an increase in © that
is not compensated by narrowing characteristics. MNorsover,
this may %&?Q happen in a segment of widened characleristice

so that 'Si@!dx' will be growing due to both causes,

Thus, the segregation of terms Chs¢’¥® , apparently,

means the segrepation of & noncompensated portion of the
guadratle Porm =- i.e., OFf the portlon which can converd
the smoRution into infinity of finite t,. HEqe (6) and

Relations (8) distinetly show the difference in origlin of

terme of type —fere mﬁgmgw and terms of type Clugef .

chhained by the derivation described avove, From formula
(7) 1t follows thet a type {3} aysiem can be consiructed
with any conatants a¢ . In this case there still remalns
& free cholce in the selsction of mebrlx % , uslng which
ons can hope to obtaln conslants Cip « However, it is com=
pletsely unclear whether & type (1) system can be congtructed
by this method. :
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The origin of the former is due to the varlabllity of 1

netrix 1 eigen walues, and are sutorotiocally compensated
by narrowing characteristics., The latter are cauged by
the rotation* of elgen vestors, and for them no compensate
1ngz factors are awailable, In any case, these factors &ars
absent Af in a type (6) system the coefficlents depending
on y are changed for constants,

Turning to the proof of the baslc theorem, let us
fPiret glve an sasurete definltlion of hydrodynamle-type -
_  Determination 1, The exact ditfarential‘@?ﬁf?mgan :

end the corresponding Equation in (6) sre called "entroplcal
Af v is 8 total difterential, i.e., when [Ci3=0 at
any eand [P values, . * o
- Deterpinatisn 2. HEquation system (3) is callsd

8 hydrodynamio-type system 1if it has at least one “entropy"
while in non=-entropy eauations of system (6) the ccoffi~
clents gx@ before the produsts of two noneentropleal terms
 l¢"¢® are equal to zero. - . '

Remark. To be & system of hydrodynanic type, 1t
suffices if a system of three equation his Santropy .

gary structure by proper selectlon of the |l& matrix. To
this end, 1t is sufficient if the two coefflolents '

G%Q and cfa are convarte& to zero. Equalities 032=0‘and

Gin = O glve two length conditlons of own nonentropy

vestors. A ‘

let & hydrodynamle-type system now be glvan. Ve
write for it system (6) renumbering, if required, the equae
tion in such 2 mammer that the entropy equations come first

Indeed, it can be achieved that tensor ggké hag the necose

#fometning similar probably ccours even in syeten of or-
dinary-equatlions dr/dt=Ar . Agsuming (A= UAUTY
where A 1s a constant triangular patrix with negatlive.
elgen values, while laU =S , where 8 ig a oconstant antle
symmetric matrix, Althouzh 211l elgen valiues of matrix A
aye negative, one can = according to Lyspunov « judge
sbout the stabllity of the sysiem only if U 1s rotated
slowly, i.e., st lov 8, If, however, oné takes - '

Ay _Des=(4d)

the system béccmea unstable. ..

i




%+%(A§¢)m0, lgp;(‘no; (13).
g}‘+§§(‘*‘%2¢“)=-—*ﬂ;¢*-+~q”. o+ 1 <<y . (14

Here the soefficients Py are expressed throush "entropy"
terms ¢ linearly and ¢ quadratically. o

Thua, for hydrodynamic-type systems "splitting off"
of entropy equations takes place, which (Af one considers
functlons Ctgand AF 88 glven, an admlssible assumption for

a priorl evaluations) are integrated independently and glve
4o .

golutions for whlch p;
‘ \ Ie* (v, )] dx
ita univornly bounded at any 2> Q. o
For nonentropy terms, & system of linear equatlions
with coeffliclents depending on entropy terms is formed.

+o0 :
For such gystem integrals S (9" (%, f)ldxare, in general, no
R

more bounded. However, they iricfea;e at a rate not faster

! ' +oe
than exp (Sadf) , where a (t) 2 lglgn S H;ﬂ {x, t”dx,,
o .

.t

‘ This evaluatlon can be proved, for example, by
writing Egs (14) es integral equatlons along the corres~
ponding eharacteristics and applylng to the integral egua-
tions obtained the method of consecutive approximations.

Remark, In this proof substantial use is made of the
fact that for any system C¥ =0 &t any ¥and 'z . Thls

affirmetion derives directly from (8) if one takes into
conglderation that AT is a dlagonal matrix. It leads to
s simple evaluation of ¢° terms

o e 400 . :

™ ‘ %
S S g% (x, t)] dx df < const max [‘ L* (%, t)ldf] .
[ » %-{t(f.‘ 3
1766 END
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